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This study focuses on developing a predictive model for mean velocity profiles and9

total shear stress profiles in turbulent boundary layers subjected to adverse pressure10

gradients, especially with history effects. A new scaling using friction velocity modified by11

Clauser pressure gradient parameter is introduced to restore streamwise self-similarity.12

Furthermore, an estimation-correction model is developed, explicitly incorporating a13

streamwise derivative of pressure gradient, which effectively captures history effect beyond14

the reach of Reynolds-averaged Navier-Stokes equations. With the help of the model, the15

total shear stress is decomposed into four parts, representing respectively the Reynolds16

number effects, equilibrium pressure gradient effects, the coupling between free-stream17

velocity and pressure gradient, and local non-equilibrium pressure gradient effects. The18

latter two are considered first-order history effects, and can account for up to approximately19

half of the total stress. Validation against multiple DNS/LES datasets across a wide range of20
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pressure gradients and Reynolds numbers demonstrates the model’s accuracy in predicting21

both mean velocity profiles and total shear stress profiles.22

1. Introduction23

Turbulent boundary layers (TBLs) are essential to understanding many natural and24

engineering flow systems. Since L. Prandtl’s boundary layer theory, TBLs have formed25

the basis for drag prediction, heat transfer control, and turbulence modeling. In real-26

world natural or engineering environments, TBLs are commonly subjected to streamwise27

pressure gradients (PGs), including both favorable pressure gradient (FPG) and adverse28

pressure gradient (APG) cases, and are often associated with complex history effects.29

Among these, APG TBLs are particularly complex yet important. As the pressure gradient30

increases and accumulates, the velocity profile becomes distorted, wall shear stress31

decreases, the boundary layer thickens, and may even separate. These changes can lead to32

energy loss, unsteady vortex shedding, and flow-induced vibrations. Therefore, accurately33

understanding the flow structure of APG TBLs, as well as predicting wall shear stress and34

separation locations, remains a significant challenge in turbulence modeling.35

In the modeling of APG TBLs, accurately capturing the effects of PG and flow history36

presents a key challenge. APG TBLs evolve gradually in the streamwise direction. As the37

flow develops, upstream influences accumulate and strongly affect downstream behavior.38

This poses a major difficulty in constructing a universal model that is applicable to various39

flow histories and pressure distributions. In particular, for many years, researchers have40

preferred unified scaling laws based on local flow parameters, such as Reynolds numbers41

and local pressure-gradient coefficients. However, it is readily apparent that capturing the42

characteristics of an entire two-dimensional flow field using only a limited set of local43

parameters poses a formidable challenge.44

This study focuses on this problem and aims to partially capture the history effect45

through local parameters. A new set of non-dimensional scalings is proposed, forming the46

foundation for constructing an estimation-correction model for the mean velocity profiles47

and total shear stress profiles in APG TBLs. The rest of the paper is organized as follows:48

The rest of §1 introduces the concept of equilibrium flows and reviews recent research49
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progress, with a particular focus on the model of wall-bounded turbulence proposed by50

Subrahmanyam et al. (2022), which serves as the foundation of the present study. §251

presents a new scaling method based on friction velocity and Clauser pressure gradient52

parameter, and then proposes an estimation–correction method founded on this scaling. §353

demonstrates the validation results, and §4 discusses and summarizes the main findings.54

1.1. Equilibrium Flow55

Among all wall-bounded turbulent flows, some special cases are referred to as equilibrium56

flows or canonical flows. They exhibit streamwise self-similarity, meaning that all flow57

profiles can be collapsed onto a universal profile through appropriate scaling. As a result, the58

governing partial differential equations can be reduced to ordinary differential equations,59

rendering the flow analytically tractable. Clearly, in the outer region of an equilibrium60

TBL, the streamwise pressure distribution is not arbitrary, but must maintain a fixed61

balance with the wall shear stress. The concept of equilibrium flow was first introduced by62

Clauser (1954), who also demonstrated that a necessary and sufficient condition for a TBL63

to achieve equilibrium is that a non-dimensional PG parameter remains constant during64

its evolution from upstream to downstream. This parameter is known as Clauser pressure65

gradient parameter 𝛽 = (𝛿1/𝜏𝑤) (d𝑝𝑒/d𝑥), where 𝛿1 is the displacement thickness, 𝜏𝑤 is the66

wall shear stress, and d𝑝𝑒/d𝑥 is the streamwise gradient of the free-stream pressure. Since67

then, considerable attention has been devoted to self-similarity, and extensive research has68

been conducted on the scaling laws in equilibrium wall-bounded turbulence, as concluded69

comprehensively by Marusic et al. (2010) and Devenport & Lowe (2022).70

Following Clauser’s formulation of the equilibrium criterion, Zagarola & Smits (1998)71

proposed a new scaling for TBLs, known as Zagarola-Smits scaling, which achieves better72

self-similarity in velocity profiles. A corresponding PG parameter was later introduced73

by Maciel et al. (2006) as 𝛽𝑍𝑆 , used to characterize the local effect of PG. Around the74

same time, Castillo & George (2001) also introduced a new PG parameter 𝛬 in TBLs to75

characterize the equilibrium states. They argue that 𝛬 takes three characteristic values,76

leading to three velocity deficit profiles. Most recently, Wei & Knopp (2023) also proposed77

a new outer scaling based on maximum Reynolds shear stress location. The above new78

0 X0-3



Zhengqin Shu and Chunxiao Xu

works have significantly advanced the characterization of detailed flow features, and have79

been increasingly adopted in recent studies. However, due to their complexity, the present80

theoretical analysis adopts the relatively simple Clauser pressure gradient parameter 𝛽 as81

the primary descriptor.82

Two widely studied equilibrium cases of wall-bounded turbulence are turbulent channel83

flows and zero-pressure-gradient (ZPG) TBLs. Specifically, channel flows possess stream-84

wise translational symmetry, and ZPG TBLs have a constant 𝛽 = 0, which clearly meets85

Clauser’s equilibrium condition. Extensive studies on these two equilibrium flows provide86

a solid foundation for the present investigation of the more general, non-equilibrium, APG87

TBLs.88

For APG TBLs, the breakdown of symmetry and self-similarity renders the boundary89

layer governing equations non-analytical, and the flow exhibits a range of unique and90

complex features. Among them, a key issue is that, the flow profiles can no longer be91

described solely by a set of local parameters, but instead must account for the entire history92

of the flow evolution, or the so-called history effects. One of the manifestations is the93

delayed response to PG changes. As Devenport & Lowe (2022) suggested, it takes several94

boundary layer thicknesses for an equilibrium boundary layer to adjust to PG changes.95

This conclusion is also consistent with the recovery distance observed by Volino (2020).96

In fact, Gungor et al. (2024) offered a more intuitive illustration of history effect. They97

plotted profiles with the same non-dimensional PG (𝛽𝑍𝑆 = 0.1), but both their velocity98

and Reynolds stress profiles differed significantly, clearly demonstrating the pronounced99

history effect in APG TBLs.100

In recent years, considerable research has focused on the quantification of history effects.101

For example, Vinuesa et al. (2017) established a criterion to identify well-behaved APG102

TBLs, through which they successfully distinguished PG effects from history effects.103

Most recently, Gomez & McKeon (2025) utilized linear analysis to characterize PG104

history. Although these works have provided deep insight into quantifying history effects,105

a systematic predictive method remains lacking.106

0 X0-4



Journal of Fluid Mechanics

1.2. Basic Method107

Based on the near-wall similarity, Subrahmanyam et al. (2022) developed a well-behaved108

universal method with minimal assumptions, which can accurately predict mean velocity109

profiles and stress profiles for channel flows and ZPG TBLs, the two aforementioned110

equilibrium flows. In this section, we will briefly describe their pioneering work, which111

also forms the foundation for our subsequent research on non-equilibrium APG TBLs.112

The study focuses on incompressible wall-bounded turbulent flows. The governing equa-113

tions are the two-dimensional, statistically time-independent Reynolds-averaged Navier–114

Stokes (RANS) equation with boundary layer approximation:115

𝜕𝑢𝑢

𝜕𝑥
+ 𝜕𝑢𝑣

𝜕𝑦
+ 𝜕⟨𝑢′𝑣′⟩

𝜕𝑦
+ 1

𝜌

d𝑝𝑒
d𝑥

− 𝜈
𝜕2𝑢

𝜕𝑦2 = 0, (1.1)116

together with the continuity equation:117

𝜕𝑢

𝜕𝑥
+ 𝜕𝑣

𝜕𝑦
= 0, (1.2)118

where 𝑥 is the flow direction, 𝑦 the wall-normal direction, (𝑢, 𝑣) the streamwise and wall-119

normal velocity, 𝑝𝑒 the free-stream pressure, and 𝜌, 𝜈 the density and kinematic viscosity120

of the fluid, respectively. ⟨𝑢′𝑣′⟩ is the Reynolds shear stress, representing the transport of121

𝑥−momentum along the 𝑦 direction by turbulence fluctuations. At the wall, the no-slip122

boundary condition goes:123

𝑦 = 0 : 𝑢 = 𝑣 = 0. (1.3)124

When the Reynolds number (𝑅𝑒) is sufficiently high and turbulence is fully developed,125

all flow structures in the near-wall regions, such as velocity streaks and quasi-streamwise126

vortices, are primarily generated by the wall boundary. Therefore, the velocity and stress127

profiles in the near-wall regions exhibit certain similarities under different flow conditions.128

Based on this, the local wall shear stress 𝜏𝑤 is adopted as the scaling basis, and the129

corresponding length scale and velocity scale are referred to as friction length 𝛿𝜈 and130

friction velocity 𝑢𝜏 , respectively, which are defined as follows:131

𝜏𝑤 = 𝜇
𝜕𝑢

𝜕𝑦

����
𝑦=0

, 𝑢𝜏 =

√︂
𝜏𝑤

𝜌
, 𝛿𝜈 =

𝜈

𝑢𝜏

. (1.4)132
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Using this unified set of wall scales, the non-dimensional scaling of the relevant flow133

quantities is as follows:134

𝑦+ =
𝑦

𝛿𝜈
, (𝑢+, 𝑣+) = (𝑢, 𝑣)

𝑢𝜏

, 𝜏+𝑅 =
−⟨𝑢′𝑣′⟩

𝑢2
𝜏

, 𝜏+ = 𝜏+𝑅 + 𝜕𝑢+

𝜕𝑦+
. (1.5)135

Here, 𝜏+
𝑅

denotes the non-dimensional Reynolds shear stress, and 𝜏+ denotes the non-136

dimensional total shear stress, which includes both Reynolds stress and viscous stress. In137

the rest of the paper, quantities with a superscript ”+” indicate values non-dimensionalized138

using the local wall friction scales.139

With the basic equations, Subrahmanyam et al. (2022) start from one of the simplest140

equilibrium cases, the turbulent channel flow. In this situation, since the mean flow field is141

independent of 𝑥, the convective term (𝜕𝑢𝑢/𝜕𝑥 + 𝜕𝑢𝑣/𝜕𝑦) vanishes:142

d⟨𝑢′𝑣′⟩
d𝑦

+ 1
𝜌

d𝑝𝑒
d𝑥

− 𝜈
d2𝑢

d𝑦2 = 0, (1.6)143

and the boundary condition at the outer edge goes:144

𝑦 = 𝛿 :
d𝑢
d𝑦

= 0, (1.7)145

where 𝛿 is the half height of the channel. Combining (1.6), (1.7), and (1.5), and integrating146

the equation with respect to 𝑦+, we have:147

𝜏+𝑅 + d𝑢+

d𝑦+
= 𝜏+ = 1 − 𝑦+

𝑅𝑒𝜏
, (1.8)148

where 𝑅𝑒𝜏 = 𝑢𝜏𝛿/𝜈 is the friction Reynolds number. In order to close the equation, the149

shear stress is modeled using classical mixing length theory (Kármán 1931; Van Driest150

1956):151

𝜏+𝑅 =

(
𝜆+(𝑦+) 𝜕𝑢

+

𝜕𝑦+

)2
, (1.9)152

where 𝜆+(𝑦+) is the mixing length. Combining (1.8) and (1.9), the result is a quadratic153

equation with respect to d𝑢+/d𝑦+. The positive root is as follows:154

d𝑢+

d𝑦+
=

−1 +
√︁

1 + 4(𝜆+(𝑦+))2(1 − 𝑦+/𝑅𝑒𝜏)
2(𝜆+(𝑦+))2 . (1.10)155
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Simply integrate it from the wall to any reference location, the 𝑢+ profile is acquired, as a156

function of 𝑦+ and 𝑅𝑒𝜏 :157

𝑢+(𝑦+, 𝑅𝑒𝜏) =
∫ 𝑦+

0

−1 +
√︁

1 + 4(𝜆+(𝑠))2(1 − 𝑠/𝑅𝑒𝜏)
2(𝜆+(𝑠))2 d𝑠. (1.11)158

The mixing length model used here is introduced by Cantwell (2019) to approximate159

pipe flows:160

𝜆+(𝑦+) = 𝑘𝑦+
1 − 𝑒−(𝑦+/𝑎)𝑚(

1 +
(

𝑦+

𝑏𝑅𝑒𝜏

)𝑛)1/𝑛 . (1.12)161

This model consists of five empirically determined parameters 𝑘, 𝑎, 𝑚, 𝑏, 𝑛. The constant162

𝑘 is closely related to the Kármán constant 𝜅 in the logarithmic law. The parameter 𝑎163

represents a wall-damping length scale which is first proposed by Van Driest (1956), and164

parameter 𝑚 determines the rate of damping. Together, 𝑘, 𝑎, 𝑚 define the overall extent of165

the wall layer, spanning from the viscous sublayer through the buffer layer to the end of166

the logarithmic region. The outer flow is accounted for in the denominator of (1.12) which167

includes a length scale 𝑏 that indicates the layer thickness, as well as an exponent 𝑛 that168

helps shape the outer profile.169

Technically, the parameters (𝑘, 𝑎, 𝑚, 𝑏, 𝑛) of the mixing length model (1.12) are deter-170

mined by minimizing the mean squared error (MSE) using a cost function:171

𝐿 (𝑅𝑒𝜏 ; 𝑘, 𝑎, 𝑚, 𝑏, 𝑛) = 1
𝑁

𝑁∑︁
𝑖=1

(𝑢+(𝑖) − 𝑢+(𝑦+(𝑖) , 𝑅𝑒𝜏 ; 𝑘, 𝑎, 𝑚, 𝑏, 𝑛))2, (1.13)172

where the summation is over all training set data points, and 𝑁 is the total number of173

points. Basically, in the original method, Subrahmanyam et al. (2022) performed the MSE174

optimization for every profile separately. Therefore, in equation (1.13), all data points share175

the same 𝑅𝑒𝜏 , but correspond to different wall-normal locations. The subscript (𝑖) indicates176

the 𝑖th point: 𝑢+(𝑖) is the experiment or DNS result at 𝑦+(𝑖) , and 𝑢+(𝑦+(𝑖) , 𝑅𝑒𝜏 ; 𝑘, 𝑎, 𝑚, 𝑏, 𝑛) is177

the prediction of the model (1.11) at the given 𝑦+(𝑖) . Through minimizing the cost function178

𝐿 (𝑅𝑒𝜏 ; 𝑘, 𝑎, 𝑚, 𝑏, 𝑛), the optimal parameters (𝑘, 𝑎, 𝑚, 𝑏, 𝑛) can be acquired at a given 𝑅𝑒𝜏 .179

At this point, the modeling of channel flows is complete. In the following, the same180

method will be applied to the boundary layer. However, in this case, the convection term181
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doesn’t vanish and the governing equation(1.1) remains non-integrable. To address this182

issue, the following factors are considered: First, since the flow in the inner region is183

primarily controlled by the wall, all wall-bounded turbulent flows exhibit high similarity in184

their near-wall velocity profiles when scaled as equation (1.5). Second, turbulent channel185

flows and TBLs share the same boundary condition at the outer edge, which is 𝜕𝑢/𝜕𝑦 = 0.186

Therefore, as Subrahmanyam et al. (2022) did, the velocity profile (1.11) for channel flows187

is directly adopted in general boundary layer cases, with empirical parameters 𝑘, 𝑎, 𝑚, 𝑏, 𝑛188

specially modified. The strategy for parameter adjustment here also relies on minimizing189

the mean squared error, which is entirely consistent with equation (1.13).190

The only difference is that 𝛿 stands for the nominal thickness of the boundary layer, which191

is the distance from the wall to the point at which 𝑢 reaches 99% of free-stream velocity192

𝑢𝑒. For ZPG TBLs over a wide range of Reynolds numbers, this method not only predicts193

the mean velocity profiles accurately, but also allows for the derivation of the Reynolds194

shear stress distribution by substituting the velocity expression into the Kármán momentum195

integral (Kármán 1921; Gruschwitz 1931), and converting the streamwise derivative with196

respect to 𝑥 into a derivative with respect to the friction Reynolds number 𝑅𝑒𝜏 . The result197

is as follows:198

𝜏+𝑅 = 1 − 𝜕𝑢+

𝜕𝑦+
−

𝑢+ 𝜕
𝜕𝑅𝑒𝜏

∫ 𝑦+

0 𝑢+d𝑦+ − 𝜕
𝜕𝑅𝑒𝜏

∫ 𝑦+

0 𝑢+2d𝑦+ − 𝑢+𝑒
d𝑢+−1

𝑒

d𝑅𝑒𝜏

∫ 𝑦+

0 𝑢+2d𝑦+

𝑢+𝑒
d

d𝑅𝑒𝜏

∫ 𝑅𝑒𝜏

0 𝑢+d𝑦+ − d
d𝑅𝑒𝜏

∫ 𝑅𝑒𝜏

0 𝑢+2d𝑦+ − 𝑢+𝑒
d𝑢+−1

𝑒

d𝑅𝑒𝜏

∫ 𝑅𝑒𝜏

0 𝑢+2d𝑦+
,

(1.14)199

where 𝑢+𝑒 = 𝑢𝑒/𝑢𝜏 , which can also be expressed explicitly by (1.11):200

𝑢+𝑒 (𝑅𝑒𝜏) =
∫ 𝑅𝑒𝜏

0

−1 +
√︁

1 + 4(𝜆+(𝑠))2(1 − 𝑠/𝑅𝑒𝜏)
2(𝜆+(𝑠))2 d𝑠. (1.15)201

The stress profile (1.14) is also accurate and useful for ZPG TBLs. However, when trying202

to apply this method to non-equilibrium APG TBL cases, the model (1.11) and (1.14) don’t203

fit well even with its best manually adjusted parameters 𝑘, 𝑎, 𝑚, 𝑏, 𝑛. Additionally, because204

of the loss of streamwise self-similarity, even in the same flow field, flow structures at205

different streamwise locations have typically little dependency on each other. Therefore,206

the velocity profile, stress profile, or the mixing length profile, are all generally irrelevant207

at different streamwise locations, which means the parameters have to be re-determined208
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each time the formula (1.11) or (1.14) is used, as seen in Table 5 of Subrahmanyam et al.209

(2022). As a result, to some extent, this method has lost its effect.210

2. Methodology211

2.1. New Scaling212

As discussed above, one of the key difficulties of APG TBLs lies in the loss of self-213

similarity along 𝑥 direction due to history effects. The streamwise development of the214

flow in an integral form can be shown in the Kármán momentum integral (Kármán 1921;215

Gruschwitz 1931):216

d
d𝑥

(𝑢2
𝑒𝜃) = 𝑢2

𝜏 (1 + 𝛽), (2.1)217

where 𝜃 is the momentum thickness, and 𝛽 is Clauser pressure gradient parameter. The218

left-hand side of (2.1) is the total derivative with respect to 𝑥, which clearly indicates the219

streamwise development of the total shape of the boundary layer. Therefore, as an substitute220

for classic 𝑢𝜏 , we propose to use221

𝑢𝛽 = 𝑢𝜏
√︁

1 + 𝛽 (2.2)222

as the basic scale for velocity. This new scaling combines wall shear stress, viscous stress223

and PG effect, and provides a potential approach to restoring the self-similarity. Note that,224

since our discussion is limited to APG TBL cases, corresponding to 𝛽 > 0, the square root225

operation is valid. The corresponding length scale and Reynolds number are as follows:226

𝛿𝛽 =
𝜈

𝑢𝛽
, 𝑅𝑒∗𝜏 =

𝑢𝛽𝛿

𝜈
. (2.3)227

Under this scaling, the new non-dimensional quantities are denoted by the superscript ∗,228

and their specific forms are as follows:229

𝑦∗ =
𝑦

𝛿𝛽
, (𝑢∗, 𝑣∗) = (𝑢, 𝑣)

𝑢𝛽
, 𝜏∗𝑅 =

−⟨𝑢′𝑣′⟩
𝑢2
𝛽

, 𝜏∗ = 𝜏∗𝑅 + 𝜕𝑢∗

𝜕𝑦∗
. (2.4)230

2.2. Estimation-Correction Method231

Another mismatch introduced by Subrahmanyam et al.’s (2022) original method is the232

formula itself. As previously noted, the original model directly applied the velocity profile233
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of channel flows to TBLs, which inevitably leads to discrepancies. Based on the new scaling234

method (2.4), the accurate form of velocity profile in boundary layer cases is:235

𝑢∗
(
𝑦∗, 𝑅𝑒∗𝜏 , 𝛽,

d𝛽
d𝑥

,
d2𝛽

d𝑥2 , ...

)
=

∫ 𝑦∗

0

−1 +
√︂

1 + 4(𝜆∗(𝑠))2𝜏∗
(
𝑠, 𝑅𝑒∗𝜏 , 𝛽,

d𝛽
d𝑥 ,

d2𝛽
d𝑥2 , ...

)
2(𝜆∗(𝑠))2 d𝑠.

(2.5)236

Here, the modeling of 𝜆∗ is the same as equation (1.12); it only requires replacing all237

superscripts + with ∗:238

𝜆∗(𝑦∗, 𝑅𝑒𝜏) = 𝑘𝑦∗
1 − 𝑒−(𝑦∗/𝑎)𝑚(

1 +
(

𝑦∗

𝑏𝑅𝑒𝜏

)𝑛)1/𝑛 . (2.6)239

Comparing (1.11) and (2.5), in addition to the modification of the scaling, the term240

1 − 𝑠/𝑅𝑒𝜏 in equation (1.11), which is the total shear stress in channel flows, has been241

replaced by the more general expression 𝜏∗. In boundary layer cases, the exact form of 𝜏∗ is242

certainly not available. As an improvement to the original approach, we still fully account243

for the near-wall similarity, but instead of directly applying the channel flows results, we244

consider an estimation-correction method, using the linear shear stress distribution (1.8)245

from channel flow as the initial estimation:246

𝜏̃∗ =
1

1 + 𝛽

(
1 − 𝑦∗

𝑅𝑒∗𝜏

)
. (2.7)247

Here, and throughout the whole paper, variables with upward tildes represent estimated248

quantities. Next, we will construct a correction for 𝜏∗ by solving the original RANS249

equations, using the estimated 𝑢̃∗ as an intermediate variable. According to equation (2.5),250

the estimated 𝑢̃∗ can be readily expressed as251

𝑢̃∗(𝑦∗, 𝑅𝑒∗𝜏 , 𝛽) =
∫ 𝑦∗

0

−1 +
√︂

1 + 4(𝜆∗(𝑠))2 1
1+𝛽

(
1 − 𝑠

𝑅𝑒∗𝜏

)
2(𝜆∗(𝑠))2 d𝑠. (2.8)252

By substituting the given 𝑢̃∗ into the RANS equations, and then sequentially expanding253

all the terms and eliminating 𝑣∗ by the continuity equation, we can eventually solve for254

the modified 𝜏∗ and 𝑢∗. The most challenging part lies in handling the convective term255

𝑢𝜕𝑢/𝜕𝑥, since our model does not provide an explicit expression of the estimated velocity256
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𝑢̃∗ as a function of 𝑥. To address this issue, we naturally assume that 𝑢̃∗ as a function of257

(𝑦∗, 𝑅𝑒∗𝜏 , 𝛽), is universal regardless of streamwise location, which means 𝑢̃∗ isn’t explicitly258

dependent on 𝑥. Therefore, 𝜕𝑢̃∗/𝜕𝑥 can be converted into the derivatives of other flow259

parameters with respect to 𝑥:260

𝜕

𝜕𝑥
𝑢̃∗(𝑦∗, 𝑅𝑒∗𝜏 , 𝛽) =

𝜕𝑢̃∗

𝜕𝑦∗
𝜕𝑦∗

𝜕𝑥
+ 𝜕𝑢̃∗

𝜕𝑅𝑒∗𝜏

d𝑅𝑒∗𝜏
d𝑥

+ 𝜕𝑢̃∗

𝜕𝛽∗
d𝛽∗

d𝑥
. (2.9)261

According to equation (2.8) and (2.6), 𝜕𝑢̃∗/𝜕𝑦∗, 𝜕𝑢̃∗/𝜕𝑅𝑒∗𝜏 and 𝜕𝑢̃∗/𝜕𝛽 are easy to262

acquire. Meanwhile, given the definition equations (1.4), (2.2), (2.3) and (2.4), 𝜕𝑦∗/𝜕𝑥263

can be expanded in terms of d𝑅𝑒∗𝜏/d𝑥 and d𝛽/d𝑥. Since 𝛽 is generally treated as a known264

quantity, its local derivative d𝛽/d𝑥 can also be readily obtained from the outer edge265

boundary conditions. However, d𝑅𝑒∗𝜏/d𝑥 cannot be assumed known, as it depends on the266

evolving inner-layer structures.267

In order to solve this problem, and in order to introduce more integral information, we268

go back to the expanded form of Kármán momentum integral (2.1):269

1
𝑢∗2
𝑒

(
1 + 2𝛽

1 + 𝛽

)
=

d𝜃
d𝑥

=
𝜕𝜃

𝜕𝛽

d𝛽
d𝑥

+ 𝜕𝜃

𝜕𝑅𝑒∗𝜏

d𝑅𝑒∗𝜏
d𝑥

+ 𝜕𝜃

𝜕𝑢𝑒

d𝑢𝑒
d𝑥

+ 𝜕𝜃

𝜕𝑢∗𝑒

(
𝜕𝑢∗𝑒
𝜕𝑅𝑒∗𝜏

d𝑅𝑒∗𝜏
d𝑥

+ 𝜕𝑢∗𝑒
𝜕𝛽

d𝛽
d𝑥

)
,

(2.10)270

where the momentum thickness 𝜃 = (𝜈/𝑢𝑒)
∫ 𝑅𝑒∗𝜏

0 𝑢̃∗(1 − 𝑢̃∗/𝑢∗𝑒)d𝑠 is a function of271

(𝑅𝑒∗𝜏 , 𝛽, 𝑢∗𝑒, 𝑢𝑒). Note that 𝑢𝑒 is actually connected with the pressure gradient by the272

equilibrium equation outside the boundary layer:273

𝑢𝑒
d𝑢𝑒
d𝑥

= − 1
𝜌

d𝑝
d𝑥

=
−1
𝜌𝜈

𝛽𝜏𝑤𝑢
∗
𝜏

𝛿∗1
. (2.11)274

Combine equation (2.10) and (2.11), and eliminate d𝑢𝑒/d𝑥, we can get the derivative275

relationship between 𝑅𝑒∗𝜏 and 𝑥:276

d𝑅𝑒∗𝜏
d𝑥

=
𝑢𝛽

𝜈

1
𝑢∗𝑒

(
1 + 𝛽

1+𝛽
𝜃∗

𝛿∗1

)
− 𝛾

𝜕𝑢∗𝑒
𝜕𝛽

∫ 𝑅𝑒∗𝜏
0

𝑢∗2

𝑢∗2
𝑒

d𝑦∗ − 𝛾
∫ 𝑅𝑒∗𝜏

0
𝜕𝑢∗

𝜕𝛽

(
1 − 2𝑢∗

𝑢∗𝑒

)
d𝑦∗∫ 𝑅𝑒∗𝜏

0
𝜕𝑢∗
𝜕𝑅𝑒∗𝜏

d𝑦∗ −
∫ 𝑅𝑒∗𝜏

0
𝜕𝑢∗2

𝑢∗𝑒𝜕𝑅𝑒
∗
𝜏
d𝑦∗ + 𝜕𝑢∗𝑒

𝑢∗2
𝑒 𝜕𝑅𝑒∗𝜏

∫ 𝑅𝑒∗𝜏
0 𝑢̃∗2d𝑦∗

, (2.12)277

where 𝛿∗1 and 𝜃∗ are the non-dimensional form of 𝛿1 and 𝜃, based on the length scale278

𝛿𝛽 , and 𝑢∗𝑒 is the estimated non-dimensional freestream velocity, which can be expressed279
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explicitly by equation (2.8):280

𝑢∗𝑒 = 𝑢̃∗(𝑦∗ = 𝑅𝑒∗𝜏 , 𝑅𝑒
∗
𝜏 , 𝛽) =

∫ 𝑅𝑒∗𝜏

0

−1 +
√︂

1 + 4(𝜆∗(𝑠))2 1
1+𝛽

(
1 − 𝑠

𝑅𝑒∗𝜏

)
2(𝜆∗(𝑠))2 d𝑠. (2.13)281

In equation (2.12), a newly-defined non-dimensional parameter is282

𝛾 =
𝜈

𝑢𝛽

d𝛽
d𝑥

, (2.14)283

representing the second order derivative of pressure in the streamwise direction. However,284

a higher order spatial derivative term will never be obtained from the RANS equations285

through time-averaging or integration. This means 𝛾 captures additional information286

beyond RANS equations, and therefore, we consider it to partially represent the higher-287

order local history effect of PG. Interestingly, the effect of PG derivative on velocity profile288

in the form of d𝛽/d𝑥 is also plotted by Gungor et al. (2024).289

Further discussion of 𝛾 will be conducted in Section 3, but at this point, we’re able to290

handle the term 𝜕𝑢/𝜕𝑥 in equation (1.2):291

𝜕𝑣∗

𝜕𝑦∗
= − 𝜈

𝑢2
𝛽

𝜕𝑢

𝜕𝑥

= − 𝛾
𝜕𝑢̃∗

𝜕𝛽
+ 𝛽

(1 + 𝛽)𝑢∗2
𝑒 𝛿∗1

(
𝑢̃∗ + 𝜕𝑢̃∗

𝜕𝑦∗
𝑦∗
)
+ 1
𝑢∗𝑒

𝛾
𝜕𝑢∗𝑒
𝜕𝛽

(
𝑢̃∗ + 𝜕𝑢̃∗

𝜕𝑦∗
𝑦∗
)

− 𝜈

𝑢𝛽

d𝑅𝑒∗𝜏
d𝑥

(
𝜕𝑢̃∗

𝜕𝑅𝑒∗𝜏
− 1
𝑢∗𝑒

𝜕𝑢∗𝑒
𝜕𝑅𝑒∗𝜏

(
𝑢̃∗ + 𝜕𝑢̃∗

𝜕𝑦∗
𝑦∗
))

.

(2.15)292

Simply integrate equation (2.15), and an explicit expression of 𝑣∗ as a function of 𝑦∗ is293

figured out. Using the same method, the convective term 𝜕𝑢𝑢/𝜕𝑥 in equation (1.1) can be294
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handled. After substituting 𝑣∗, the final expression for the corrected 𝜏∗ can be obtained:295

𝜏∗ =
1

𝛽 + 1
+ 𝛽𝑦∗

(1 + 𝛽)𝛿∗1
−
(

𝛽

(1 + 𝛽)𝛿∗1
+ 𝑢∗𝑒𝛾

𝜕𝑢∗𝑒
𝜕𝛽

) ∫ 𝑦∗

0

𝑢̃∗2

𝑢∗2
𝑒

d𝑦∗

− 𝐺 (𝑦∗)
(
1 + 𝛽

1 + 𝛽

𝜃∗

𝛿∗1
− 𝛾𝑢∗𝑒

(
𝜕𝑢∗𝑒
𝜕𝛽

∫ 𝑅𝑒∗𝜏

0

𝑢̃∗2

𝑢∗2
𝑒

d𝑦∗ +
∫ 𝑅𝑒∗𝜏

0

𝜕𝑢̃∗

𝜕𝛽

(
1 − 2𝑢̃∗

𝑢∗𝑒

)
d𝑦∗

))
+ 𝛾

(
2
∫ 𝑦∗

0
𝑢̃∗

𝜕𝑢̃∗

𝜕𝛽
d𝑦∗ − 𝑢̃∗

∫ 𝑦∗

0

𝜕𝑢̃∗

𝜕𝛽
d𝑦∗

)
,

(2.16)

296

where 𝐺 (𝑦∗) =
𝑢̃∗ 𝜕

𝜕𝑅𝑒∗𝜏

∫ 𝑦∗

0 𝑢̃∗d𝑦∗ − 𝜕
𝜕𝑅𝑒∗𝜏

∫ 𝑦∗

0 𝑢̃∗2d𝑦∗ − 𝑢∗𝑒
𝜕𝑢∗−1

𝑒

𝜕𝑅𝑒∗𝜏

∫ 𝑦∗

0 𝑢̃∗2d𝑦∗

𝑢∗𝑒
𝜕

𝜕𝑅𝑒∗𝜏

∫ 𝑅𝑒∗𝜏
0 𝑢̃∗d𝑦∗ − 𝜕

𝜕𝑅𝑒∗𝜏

∫ 𝑅𝑒∗𝜏
0 𝑢̃∗2d𝑦∗ − 𝑢∗𝑒

𝜕𝑢∗−1
𝑒

𝜕𝑅𝑒∗𝜏

∫ 𝑅𝑒∗𝜏
0 𝑢̃∗2d𝑦∗

.297

At this point, we have obtained an explicit expression for 𝜏∗. Comparing equation (2.16)298

with (1.14) which is the result for ZPG TBLs in the original method (Subrahmanyam et al.299

2022), it is straightforward to observe that when 𝛽 is identically zero, 𝜏∗ reduces to 𝜏+ in300

ZPG TBLs.301

Immediately, based on the accurate relation between 𝑢∗ and 𝜏∗ in equation (2.5) the302

modified 𝑢∗ can then be determined as:303

𝑢∗
(
𝑦∗, 𝑅𝑒∗𝜏 , 𝛽, 𝛾

)
=

∫ 𝑦∗

0

−1 +
√︁

1 + 4(𝜆∗(𝑠))2𝜏∗ (𝑠, 𝑅𝑒∗𝜏 , 𝛽, 𝛾)
2(𝜆∗(𝑠))2 d𝑠. (2.17)304

Just as in the original method, the parameters (𝑘, 𝑎, 𝑚, 𝑏, 𝑛) in 𝜆∗ of equation (2.6) need305

to be determined by minimizing the mean square error. Similar to equation (1.13), the cost306

function here is defined as:307

𝐿 (𝑘, 𝑎, 𝑚, 𝑏, 𝑛) = 1
𝑀𝑁

𝑀∑︁
𝑗=1

𝑁∑︁
𝑖=1

(𝑢∗(𝑖, 𝑗 ) − 𝑢∗(𝑦∗(𝑖, 𝑗 ) , 𝑅𝑒
∗
𝜏 ( 𝑗 ) , 𝛽( 𝑗 ) , 𝛾( 𝑗 ) ; 𝑘, 𝑎, 𝑚, 𝑏, 𝑛)2.

(2.18)308

Here, the training set data points are not limited to one single profile, but are potentially309

obtained from different streamwise locations and even different flow fields. 𝑀 denotes the310

number of profiles, and 𝑁 denotes the number of data points in each profile. Therefore,311

there are 𝑀𝑁 data points in total. The subscript ( 𝑗) indicates the 𝑗 th profile, and subscript312

(𝑖) indicates the 𝑖th data point. 𝑢∗(𝑖, 𝑗 ) is the experiment or DNS result at 𝑦∗(𝑖, 𝑗 ) , and313

𝑢∗(𝑦∗(𝑖, 𝑗 ) , 𝑅𝑒
∗
𝜏 ( 𝑗 ) , 𝛽( 𝑗 ) , 𝛾( 𝑗 ) ; 𝑘, 𝑎, 𝑚, 𝑏, 𝑛) is the prediction of the corrected velocity model314

(2.17) given (𝑦∗(𝑖, 𝑗 ) , 𝑅𝑒𝜏, ( 𝑗 ) , 𝛽( 𝑗 ) , 𝛾( 𝑗 ) ). Since profiles with different 𝑅𝑒𝜏 , 𝛽 or 𝛾 are jointly315
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parameter 𝑘 𝑎 𝑚 𝑏 𝑛

Optimal value 0.451 22.7 1.90 0.166 15.0

Table 1. Optimal parameters obtained using flow field b1n as the training set.

included in the MSE optimization, the resulting optimal parameters (𝑘, 𝑎, 𝑚, 𝑏, 𝑛) can be316

regarded as universal.317

Using flow field b1n (See Table 2) as the training dataset, we obtained the optimal318

parameters shown in Table1. It is shown that the optimal 𝑘 = 0.451, which to some extent319

represents the Kármán constant 𝜅, is larger than 𝜅 = 0.384 obtained in Princeton Superpipe320

(PSP) data by Nagib & Chauhan (2008), 𝜅 = 0.37 given by high-Reynolds-number LES of321

Inoue & Pullin (2011), and 𝑘̄ = 0.4169 given by Subrahmanyam et al. (2022) in his tested322

APG TBL cases.323

Another issue to discuss is that due to the influence of PG, the flow outside the boundary324

layer may not stably reach the free stream velocity 𝑢𝑒. Therefore, in order to determine the325

nominal thickness 𝛿, a diagnostic function is used here:326

𝑓 (𝑦∗) = 𝑦∗
𝜕𝑢∗

𝜕𝑦∗
, (2.19)327

and the outer edge of the boundary layer is defined as the location where 𝑓 (𝑦∗) drops to 1/𝑛328

of its second peak value. Conventionally, 𝑛 is taken as 2, so that this location corresponds329

to the definition of 𝛿99 in ZPG TBLs approximately. However, in this case, it is desirable330

that the Reynolds shear stress 𝜏∗
𝑅

to be close to zero at the outer edge of the boundary layer,331

requiring a slight expansion of the boundary layer thickness. Experiments have shown that332

a better definition is to use 𝛿995 (Subrahmanyam et al. 2022). Accordingly, 𝑛 is set to 5 in333

the diagnostic function criterion.334

3. Result335

3.1. Database336

The model is validated against eight DNS or LES flow fields, with the overall ranges of337

parameters presented in table 2, where 𝑅𝑒𝜃 = 𝑢𝑒𝜃/𝜈 denotes the momentum thickness338
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flow 𝛽 𝛾 × 104 𝑅𝑒𝜃 × 10−2 Reference
b1n 0.05 ∼ 1.12 −6.00 ∼ 1.46 4.27 ∼ 33.1 Bobke et al. (2017)
b2n 0.09 ∼ 2.19 −19.38 ∼ 1.91 4.28 ∼ 38.6 Bobke et al. (2017)

m13n 0.06 ∼ 1.62 −4.91 ∼ 2.38 4.34 ∼ 34.8 Bobke et al. (2017)
m16n 0.11 ∼ 2.80 −26.18 ∼ 2.61 4.35 ∼ 39.5 Bobke et al. (2017)
m18n 0.14 ∼ 4.53 −45.65 ∼ 2.82 4.34 ∼ 43.1 Bobke et al. (2017)

LSM2017 0.23 ∼ 2.57 ∼ 0 15.6 Lee (2017)
LSM2018 0.85 ∼ 1.55 −0.98 ∼ 0.17 24.0 ∼ 59.6 Yoon et al. (2018)

b14 0.02 ∼ 1.65 −0.40 ∼ 0.50 2.36 ∼ 96.5 Pozuelo et al. (2022)

Table 2. A brief description of eight flow fields, including Clauser pressure gradient 𝛽, streamwise derivative
of pressure gradient 𝛾 as defined in (2.14), and momentum thickness Reynolds number 𝑅𝑒𝜃 .

Reynolds number. Among them, flow m18n has the strongest PG, and therefore, the339

strongest history effect and local non-equilibrium effect, while flow b14 has the highest340

Reynolds number. The tested flow fields cover a wide range of cases, with Clauser pressure341

gradient 𝛽 reaching a maximum of 4.53, 𝑅𝑒𝜃 peaking at 9.65 × 103, and the second-order342

pressure gradient 𝛾 ranging from −4.57 × 10−3 to 2.82 × 10−4. Flow data LSM2017 is343

incomplete, and therefore only the numerical results within its equilibrium region are used344

for validation.345

The streamwise development of flow parameters is illustrated in Figure 1. Here and346

throughout the rest of the paper, streamwise location 𝑥 is non-dimensionalized by the mean347

nominal boundary layer thickness 𝛿99 within the computational domain, 𝑥 = 𝑥/⟨𝛿99⟩. As348

shown in Figure 1(a), Clauser pressure gradient 𝛽 in all flow fields undergoes a process349

of first increasing and then decreasing. Correspondingly, in Figure 1(b), 𝛾 is first positive350

and then negative. Negative 𝛾 can reach very large negative values, with its absolute351

magnitude far exceeding the maximum positive values. This is due to the smaller wall352

friction, and therefore smaller 𝑢𝜏 in the downstream region, which also indicates that353

downstream regions are more susceptible to history effects. Figure 1(c) and (d) illustrate354

that the streamwise evolution of Reynolds number is relatively uniform and is not strongly355

related to variations of PG.356

The markers in Figure 1(a) indicate the locations of the profiles used for validation in357

Section 3.3, which span a broad parameter space. However, limited validation exists for358

regions with 𝛾 > 0, due to the fact that the flow fields in these regions may have relatively359

low Reynolds numbers and incomplete turbulence development.360
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Figure 1. An overall description of seven flow fields along streamwise direction. The data are obtained directly
through DNS or LES (Bobke et al. 2017; Yoon et al. 2018; Pozuelo et al. 2022). The horizontal axis denotes the
streamwise coordinate 𝑥 = 𝑥/⟨𝛿99⟩, where 𝑥 is non-dimensionalized by the nominal boundary layer thickness
𝛿99 averaged over the computational domain.
(a) Clauser pressure gradient 𝛽; (b) Streamwise derivative of pressure gradient 𝛾 as defined in (2.14);
(c) Friction Reynolds number 𝑅𝑒𝜏 ; (d) Momentum thickness Reynolds number 𝑅𝑒𝜃 ;
The markers in subfigure (a) indicate the locations of the profiles used for validation in Section 3.3.

3.2. Verification of Similarity361

This section demonstrates that the new scaling method in Section 2.1 effectively captures362

both self-similarity along the streamwise direction within a single flow field, and the overall363

similarity across different flow fields.364

As the non-dimensional mixing length model (2.6) plays a fundamental role in the365

overall method, we calculate 𝜆∗ directly from flow fields according to (1.9) (replacing the366

superscripts + with ∗), and the result is shown in Figure 2 after Gauss smoothing. Note367

that the vertical axis is 𝜆∗/𝑅𝑒∗𝜏 , and that the critical ratio 𝑛 in criterion (2.19) is set to368

2. This is because at the outer edge of the boundary layer, 𝜕𝑢/𝜕𝑦 is really small, leading369

to an ill-defined 𝜆∗. Yet for the same reason, the magnitude of 𝜆∗ in these regions is not370
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important, as 𝜕𝑢/𝜕𝑦 is negligibly small, and the integration in this region has little impact371

on the mean profile of 𝑢∗ or 𝜏∗.372

Twenty-five 𝜆∗ profiles in five flow fields are presented in Figure 2. Their growth trends373

and final stable values are closely aligned, showing obvious similarity in 𝜆∗ across different374

flow fields. In flow fields with stronger pressure gradient, such as flow m18n, 𝜆∗ in the375

outer region is less stable, but all the profiles end up at approximately 𝜆∗/𝑅𝑒∗𝜏 = 0.08,376

which agrees well with our current model (2.6) at 𝑦∗ = 𝑅𝑒∗𝜏 , as long as 𝑅𝑒∗𝜏 ≫ 𝑎 and377

𝑏 ≪ 1 so that 𝜆∗(𝑅𝑒∗𝜏) ≈ 𝑘𝑏𝑅𝑒∗𝜏 , indicating that 𝑘𝑏 ≈ 0.08. This is also consistent with378

the optimal parameters in Table 1.379

Figure 2. Profile of non-dimensional mixing length 𝜆∗ divided by the friction Reynolds number 𝑅𝑒∗𝜏 at different
streamwise locations, in different flow fields. The data are obtained directly through DNS or LES (Bobke et al.
2017; Lee 2017; Yoon et al. 2018). The result has been processed with Gaussian smoothing, and the critical
ratio 𝑛 in criteria (2.19) is set to 2. Within the same flow field, lines of lighter color indicate locations further
downstream.

To directly examine the streamwise self-similarity of mean velocity profiles within the380

same flow field, the profiles of 𝑢∗ with respect to 𝑦∗ at different streamwise locations are381

plotted in Figure 3(b)(d). For comparison, we also plotted the profiles of 𝑢+ with respect382

to 𝑦+ in Figure 3(a)(c). It can be clearly seen that, in Figure 3(a)(c), although a consistent383
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slope is observed in the inner region using traditional viscous coordinates (1.5), velocity384

profiles in the outer region show poor agreement, where 𝜕𝑢+/𝜕𝑦+ significantly decreases385

along streamwise direction. In contrast, as shown in Figure 3(b)(d), the new scaling method386

(2.4) overall makes the velocity profiles more consistent. In other words, the new scaling387

fix the streamwise self-similarity disrupted by PG effect.388

Figure 3. Profiles of 𝑢+ and 𝑢∗ at different streamwise locations. (a),(b) denotes different profiles in flow b1n,
and (c),(d) denotes different profiles in flow m16n. The data are obtained directly through LES (Bobke et al.
2017). (a),(c) shows the profile of 𝑢+ versus 𝑦+; (b),(d) shows the profile of 𝑢∗ versus 𝑦∗.

3.3. Verification of the Estimation-Correction Model389

In this section, it will be shown that the current estimation-correction model largely captures390

the shape of the profile and provides good predictive capability. To begin with, 𝜏∗ from391
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equation (2.16) can be decomposed into four parts, as shown in (3.1), namely 𝜏∗0 , 𝜏
∗
𝛽
, 𝜏∗𝑒 , 𝜏

∗
𝛾:392

𝜏∗ = 𝜏∗0 + 𝜏∗𝛽 + 𝜏∗𝑒 + 𝜏∗𝛾 , (3.1)393 

𝜏∗0 =1 − 𝐺 (𝑦∗),

𝜏∗𝛽 =
𝛽

1 + 𝛽

1
𝛿∗1

(
𝜃∗(1 − 𝐺 (𝑦∗)) −

∫ 𝑅𝑒∗𝜏

𝑦∗

(
1 − 𝑢̃∗2

𝑢∗2
𝑒

)
d𝑦∗

)
,

𝜏∗𝑒 =𝛾
𝜕𝑢∗𝑒
𝑢∗𝑒𝜕𝛽

(
−
∫ 𝑦∗

0
𝑢̃∗2d𝑦∗ + 𝐺 (𝑦∗)

∫ 𝑅𝑒∗𝜏

0
𝑢̃∗2d𝑦∗

)
,

𝜏∗𝛾 =𝛾

(∫ 𝑦∗

0

𝜕𝑢̃∗2

𝜕𝛽
d𝑦∗ − 𝑢̃∗

∫ 𝑦∗

0

𝜕𝑢̃∗

𝜕𝛽
d𝑦∗ − 𝐺 (𝑦∗)

(∫ 𝑅𝑒∗𝜏

0

𝜕𝑢̃∗2

𝜕𝛽
d𝑦∗ − 𝑢∗𝑒

∫ 𝑅𝑒∗𝜏

0

𝜕𝑢̃∗

𝜕𝛽
d𝑦∗

))
.

394

The first part 𝜏∗0 is the shear stress introduced by the natural increase in the friction395

Reynolds number, independent of pressure gradient. It is also referred to as the Reynolds396

number effect, exactly the same form as equation (1.14), which is the balanced ZPG TBL397

case. From equation (2.16), it’s easy to verify that 𝐺 (0) = 0, and 𝐺 (𝑅𝑒∗𝜏) = 1, yielding398

𝜏∗0 (0) = 1, and 𝜏∗0 (𝑅𝑒
∗
𝜏) = 0, which is consistent with ZPG boundary conditions.399

The second part 𝜏∗
𝛽

demonstrates the effect of equilibrium PG on the entire profile, which400

is independent of non-equilibrium term 𝛾. The (1 + 𝛽) in the denominator is the result401

of scaling by 𝑢2
𝛽
= 𝑢2

𝜏 (1 + 𝛽), and actually if scaled by traditional viscous coordinate, 𝜏+
𝛽

402

is directly proportional to 𝛽. At the boundary, 𝜏∗
𝛽
(0) = −𝛽/(1 + 𝛽), and 𝜏∗

𝛽
(𝑅𝑒∗𝜏) = 0.403

Together with 𝜏∗0 , we have 𝜏∗0 (0) + 𝜏∗
𝛽
(0) = 1/(1 + 𝛽), which is consistent with wall404

conditions 𝜏∗(0) = 𝜏/(𝜌𝑢2
𝛽
) = 1/(1 + 𝛽).405

The third part 𝜏∗𝑒 and the fourth part 𝜏∗𝛾 are both proportional to 𝛾, which do not appear406

in the RANS equations, and these two parts are considered as the representation of first-407

order history effects. 𝜏∗𝑒 is also proportional to 𝜕𝑢∗𝑒/𝜕𝛽, therefore representing the coupling408

effect between PG and the outer flow development, while 𝜏∗𝛾 is related to the integral of409

𝜕𝑢∗/𝜕𝛽, which indicates the local non-equilibrium effect induced by the varying PG. We410

have 𝜏∗𝑒 (0) = 𝜏∗𝑒 (𝑅𝑒∗𝜏) = 𝜏∗𝛾 (0) = 𝜏∗𝛾 (𝑅𝑒∗𝜏) = 0, indicating that flow history only impacts411

regions far from the wall and far from the outer edge.412

The validation results are shown in Figure 4, 5, 6, 7. Among them, Figure 4 shows the413

results of flow b1n, a rather mild APG flow, Figure 5 shows the results of flow m16n, a414

moderate APG flow, Figure 6 shows the results of flow m18n, a rather strong APG flow, and415
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Figure 7 shows the results of other flow fields. In all four figures, the four subfigures on the416

left represent the validation results of mean velocity profiles, where the black line shows417

reference data obtained directly from DNS or LES, the green line shows Subrahmanyam’s418

original model (2022), the blue dashed line denotes the estimation-step result 𝑢̃∗ derived419

from equation (2.8), and the red line denotes the correction-step result 𝑢∗ derived from420

equation (2.17). Note that, the parameter (𝑘, 𝑎, 𝑚, 𝑏, 𝑛) of Subrahmanyam’s model that421

we call here is the average of the parameter sets given in his original paper (Section 6,422

Table 5). The four subfigures on the right represent the validation results of total shear423

stress, where the black line still shows reference data from DNS or LES, the green line424

shows Subrahmanyam’s original model (2022) for ZPG TBLs, the red line denotes the425

correction-step result 𝜏∗ from (2.16), and the blue line denotes its decomposition 𝜏∗0 + 𝜏∗
𝛽

426

from equation (3.1), which is the part independent of 𝛾. The discrepancy between the red427

line and the blue line is actually the first-order history effect that is proportional to 𝛾 given428

by our estimation-correction model.429

In Figure 4(a)(c)(e)(g), it can be seen that the prediction of the correction-step result 𝑢∗430

is highly accurate at all locations, generally superior to the original model, and far superior431

to the estimation-step result 𝑢̃∗. Three models all behave well in the inner region. In the432

buffer region, the original model is larger, while 𝑢̃∗ is smaller, and in the wake region,433

the original model and 𝑢̃∗ are both smaller than LES result. This is because the initial434

estimation 𝜏̃∗ in (2.7), which is obtained based on channel flow results, is a straight line,435

whereas in an APG TBL, real shear stress is a concave function that exceeds the initial436

𝜏̃∗ at all points except the boundaries, as shown in Figure 4(b)(d)(f)(h). As a result, the437

original model and 𝑢̃∗ which are based on 𝜏̃∗ both underestimate. Meantime, in order to438

balance this outer-region error, based on the min-square-error criterion, the original model439

forcibly obtain the optimal parameters, resulting in the non-physical overestimation in the440

buffer region. In short, the advantage of our model 𝑢∗ is significant. However, the accuracy441

of 𝑢∗ on flow b1n is within expectation, as the tunable parameters (𝑘, 𝑎, 𝑚, 𝑏, 𝑛) of the our442

current model were trained based on this dataset.443

In Figure 4(b)(d)(f)(h), it can be seen that the correction-step prediction 𝜏∗ is also very444

close to LES results. In the inner region, at locations with smaller |𝛾 | where the boundary445
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layer is in near-equilibrium state, such as Figure 4(d)(f), 𝜏∗ agrees well with LES data, while446

in contrast, in Figure 4(b)(h), where local non-equilibrium effect is rather significant, 𝜏∗447

shows worse agreement. But, it’s obvious that all profiles are markedly more accurate than448

the original model for ZPG TBLs, which completely fails to capture the first-increasing-449

then-decreasing trend of shear stress in APG TBLs. However, in the outer region, none450

of the profiles match the data well. One of the key reasons for this is that, although we451

have set the critical ratio 𝑛 = 5 in criterion (2.19) to ensure that the shear stress tends to452

zero outside the boundary layer, it still remains around 0.1 as shown by the black lines.453

However, in theoretical analysis, 𝜏∗(𝑅𝑒∗𝜏) should accurately be zero.454

Furthermore, shown by the discrepancy between the red line and the blue line in Figure455

4(b)(d)(f)(h), the term 𝜏∗𝑒 + 𝜏∗𝛾 that indicates history effect, always adjusts 𝜏∗ in the correct456

direction, although it still fails to achieve a good match with the LES data. Upstream, the457

adjustment is always insufficient to work, since 𝛾 is rather small, while downstream, it’s458

sometimes too large. However, in Figure4(h), the effect of the streamwise derivative of459

pressure gradient on 𝜏∗ profile is still clearly visible.460

The results in Figure 5 are generally consistent with those in Figure 4. As shown in Figure461

5(a)(c)(e)(g), the correction-step result 𝑢∗ maintains high accuracy across all locations, and462

its improvement over the estimation 𝑢̃∗ and the original model is even more evident. In463

Figure 5(b)(d)(f)(h), although the final result 𝜏∗ exhibits some numerical deviation, it still464

captures the overall trend of the LES data well. It is worth noting that flow field m16n465

is part of the validation set rather than the training set, so that all well-matched profiles466

indicate that our model exhibits high accuracy and generalizability.467

Figure 6 still presents almost the same results as Figure 4 and Figure 5. In Figure468

6(a)(c)(e)(g), the prediction of 𝑢∗ is still accurate at all locations, far better than 𝑢̃∗ and the469

original model. In Figure 6(b)(d)(f)(h), 𝜏∗ still captures the general shape and trend of the470

LES data, despite exhibiting non-negligible deviations in magnitude. In general, for flow471

m18n, the prediction deviates more from LES data compared to flow b1n or m16n. This472

can be attributed partially to the stronger APG effect, which induces more significant local473

non-equilibrium effects, and requires higher order modifications. However, as a validation474

set, the observed error of 𝑢∗ in Figure 6(e)(g) remains within an acceptable range.475
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Figure 4. Velocity and total shear stress profiles in flow field b1n (Bobke et al. 2017). (a)(b), (c)(d), (e)(f), (g)(h)
show different streamwise locations respectively. (a)(c)(e)(g) are the profiles of mean velocity. The black solid
line represents the reference LES data, the green solid line represents the original model by Subrahmanyam
et al. (2022), the blue dashed line represents the estimation 𝑢̃∗ obtained from equation (2.8), and the red solid
line represents the correction 𝑢∗ obtained from equation (2.17). (b)(d)(f)(h) are the profiles of total shear stress.
The black line represents the reference LES data, the green line represents the original model for ZPG TBLs
by Subrahmanyam et al. (2022), the red line represents the present model 𝜏∗ from (2.16), and the blue line
represents its decomposition 𝜏∗0 + 𝜏∗

𝛽
, from equation (3.1). The specific flow parameters are listed below:

(a)(b) 𝑥 = 21, 𝛽 = 1.1, 𝛾 = −1.4 × 10−5, 𝑅𝑒𝜏 = 448, (c)(d) 𝑥 = 29, 𝛽 = 1.0, 𝛾 = −1.2 × 10−5, 𝑅𝑒𝜏 = 568,
(e)(f) 𝑥 = 41, 𝛽 = 0.9, 𝛾 = −0.9 × 10−5, 𝑅𝑒𝜏 = 716, (g)(h) 𝑥 = 52, 𝛽 = 0.6, 𝛾 = −14.7 × 10−5, 𝑅𝑒𝜏 = 851.
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Figure 5. Velocity and total shear stress profiles in flow field m16n (Bobke et al. 2017). (a)(b), (c)(d), (e)(f),
(g)(h) show different streamwise locations respectively. The legend follows the same convention as in Figure 4.
The specific flow parameters are listed below:
(a)(b) 𝑥 = 17, 𝛽 = 2.8, 𝛾 = −1.1 × 10−5, 𝑅𝑒𝜏 = 422, (c)(d) 𝑥 = 23, 𝛽 = 2.5, 𝛾 = −4.0 × 10−5, 𝑅𝑒𝜏 = 539,
(e)(f) 𝑥 = 32, 𝛽 = 2.1, 𝛾 = −4.8 × 10−5, 𝑅𝑒𝜏 = 704, (g)(h) 𝑥 = 41, 𝛽 = 0.9, 𝛾 = −50.0 × 10−5, 𝑅𝑒𝜏 = 861.
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In Figure 6(b)(d)(f)(h), the history effect terms 𝜏∗𝑒 and 𝜏∗𝛾 still adjust 𝜏∗ in the correct476

direction, and especially, in Figure 6(h) where |𝛾 | is considerably large, history effect plays477

a significantly vital role in the total shear stress profile. However, the current stress profile478

predictions still leave room for improvement. One possible reason for the overprediction in479

Figure 6(b)(d) may be the relative low Reynolds number(𝑅𝑒𝜏 = 402, 503), which leads to480

incomplete turbulence development and, consequently, an overestimation of the Reynolds481

stress ⟨𝑢′𝑣′⟩. Another possible remedy may be the consideration of higher-order history482

effects, which will be further discussed in Section 4.483

To avoid excessive discussion, the validation results for other flow fields are not presented484

in such detail. Instead, four selected profiles are shown in Figure 7. The validation results485

in these four flow fields are almost identical to those in b1n, m16n or m18n. 𝑢∗ remains in486

good agreement with the LES or DNS results, and 𝜏∗ also successfully captures the general487

shape, including the location of the stress peak. However, noticeable discrepancies with488

the numerical results still remain, and the considerable overprediction in Figure 7(f)(h)489

may still result from the relatively low Reynolds number.490

To intuitively demonstrate the role of history effect, we extract one profile each from491

the flow field m13n and m18n. These two profiles share the same 𝑅𝑒𝜏 and 𝛽, but differ492

significantly in 𝛾, with a ratio of approximately 9. The streamwise locations of the selected493

profiles are indicated by the black square markers in Figure 1(a). The corresponding494

computational results are shown in Figure 8. The two subfigures on the left, (a) and (c),495

correspond to the profile from m13n, while the two on the right, (b) and (d), correspond496

to the profile from m18n. The top row, subfigures (a) and (b), present the mean velocity497

profiles, while the bottom row, (c) and (d), present the total shear stress profiles. In all498

subfigures, the black solid lines represent the LES results, and the red solid lines represent499

the corrected predictions from our model.500

By comparing Figure 8(a) with (b), or (c) with (d), it is evident that both the velocity501

and shear stress distributions differ significantly between the two profiles. In m18n, the502

velocity profile is lower near the wall and higher in the outer region, while the shear stress503

profile is noticeably higher across the entire domain. Encouragingly, our model, through504

the correction involving 𝛾, successfully captures the differences between the two profiles.505
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Figure 6. Velocity and total shear stress profiles in flow field m18n (Bobke et al. 2017). (a)(b), (c)(d), (e)(f),
(g)(h) show different streamwise locations respectively. The legend follows the same convention as in Figure 4.
The specific flow parameters are listed below:
(a)(b) 𝑥 = 15, 𝛽 = 4.1, 𝛾 = 14.6 × 10−5, 𝑅𝑒𝜏 = 402, (c)(d) 𝑥 = 21, 𝛽 = 4.5, 𝛾 = −2.4 × 10−5, 𝑅𝑒𝜏 = 503,
(e)(f) 𝑥 = 30, 𝛽 = 3.5, 𝛾 = −15.9 × 10−5, 𝑅𝑒𝜏 = 669, (g)(h) 𝑥 = 38, 𝛽 = 0.8, 𝛾 = −95.4 × 10−5, 𝑅𝑒𝜏 = 858.
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Figure 7. Velocity and total shear stress profiles in other flow fields. (a)(b), (c)(d), (e)(f), (g)(h) represent
different flow fields respectively. The legend follows the same convention as in Figure 4. The specific flow
parameters are listed below:
(a)(b) flow b2n (Bobke et al. 2017), 𝑥 = 37, 𝛽 = 1.9, 𝛾 = −5.5 × 10−5, 𝑅𝑒𝜏 = 745,
(c)(d) flow b14 (Pozuelo et al. 2022), 𝑥 = 46.5, 𝛽 = 1.3, 𝛾 = −3.0 × 10−5, 𝑅𝑒𝜏 = 1792,
(e)(f) flow LSM2017 (Lee 2017), 𝛽 = 2.3, 𝛾 ∼ 0, 𝑅𝑒𝜏 = 364,
(g)(h) flow LSM2018 (Yoon et al. 2018), 𝑥 = 34, 𝛽 = 1.4, 𝛾 = 1.0 × 10−5, 𝑅𝑒𝜏 = 653.
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Figure 8. Two profiles extracted from flow field m13n and m18n (Bobke et al. 2017), respectively, with the
same 𝛽 and 𝑅𝑒𝜏 , but different 𝛾. Subfigures (a) and (b) show the mean velocity profiles, and (c) and (d) show
the total shear stress profiles. The black solid lines represent LES results, and the red solid lines represent
corrected prediction from the current model.
(a)(c): flow m13n, 𝑥 = 48, 𝛽 = 0.77, 𝛾 = −11.1 × 10−5, 𝑅𝑒𝜏 = 862,
(b)(d): flow m18n, 𝑥 = 37.8, 𝛽 = 0.77, 𝛾 = −97.6 × 10−5, 𝑅𝑒𝜏 = 861.

Finally, a detailed analysis was performed on the contributions of each decomposed term506

of 𝜏∗ in equation (3.1), based on the data calculated at six different streamwise locations507

of flow m18n. The corresponding results are shown in Figure 9.508

Figure 9(a) shows the profile of 𝜏∗0 , which is the part completely independent of pressure509

gradient. Its profile is similar to the ZPG TBL case, or even the straight-line profile of510

channel flow case. This explains why the channel flow shear stress profile can be used511

directly in ZPG TBLs, and can be used as the initial estimation in our model. All the six512

profiles start from 𝜏∗0 (0) = 1 at the wall, and monotonically decrease to 𝜏∗0 (𝑅𝑒
∗
𝜏) = 0 at the513

outer edge. The profiles are highly similar, except for the difference in friction Reynolds514

number which determines the outer edge position.515

Figure 9(b) shows the profile of 𝜏∗
𝛽
, which is the part directly proportional to 𝛽 and516

independent of non-equilibrium effect 𝛾. All the six profiles start from 𝜏∗
𝛽
(0) = −𝛽/(1+𝛽),517
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reach a peak of about 0.1 ∼ 0.2, and finally drop to zero at the outer edge. The peak value518

gradually decreases along the streamwise direction. Despite the difference in 𝛽, the six519

profiles still exhibit strong similarity.520

Figure 9(c),(d) show the profile of 𝜏∗𝑒 and 𝜏∗𝛾 respectively, which are the parts directly521

proportional to 𝛾. These two terms are almost equal in magnitude but opposite in sign,522

achieving a delicate balance between the interaction of PG with outer flow development,523

and the local pressure non-equilibrium effect. All the profiles vary from zero back to zero,524

undergoing a transition from positive to negative, or the opposite, depending on the sign525

of 𝛾.526

Figure 9(e),(f) show the profile of 𝜏∗0 + 𝜏∗
𝛽
, which is the part that is independent of 𝛾,527

and the profile of 𝜏∗𝑒 + 𝜏∗𝛾 , which is the part that is proportional to 𝛾 and shows first-528

order history effect. A comparison between the two subfigures reveals that the non-history529

effect component of the total stress is relatively consistent across all profiles, while the530

history-effect term varies sensitively with the magnitude of 𝛾. The history effect peaks at531

approximately 0.5, contributing about half of the total stress.532

4. Discussion and Conclusion533

In this study, a general modeling framework for APG TBLs is developed, which, for the first534

time, explicitly incorporates history effect through local flow parameters. A modified set535

of non-dimensional scales successfully recovers the streamwise self-similarity disrupted536

by the pressure gradient to some extent. The streamwise derivative of pressure gradient,537

𝛾, is naturally introduced in the estimation-correction method between 𝑢 and 𝜏, which can538

represent the accumulated upstream history effect, significantly enhancing the predictive539

capability for both mean velocity and total shear stress profiles.540

The correction-step result 𝜏∗ is decomposed into four parts, corresponding respectively541

to Reynolds number effects, equilibrium pressure gradient effects, the coupling between542

free-stream velocity and pressure gradient, and local non-equilibrium pressure gradient543

effects. The latter two are considered first-order history effects, which typically offset each544

other, but in downstream regions their combined effect becomes significant, accounting545

for nearly half of the total shear stress.546
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Figure 9. Profiles of the components of the correction-step result 𝜏∗, calculated at different streamwise locations
of flow field m18n (Bobke et al. 2017). (a)(b)(c)(d) shows the contribution of 𝜏∗0 , 𝜏

∗
𝛽
, 𝜏∗𝑒 , and 𝜏∗𝛾 , respectively,

(e) shows 𝜏∗0 + 𝜏∗
𝛽

, and (f) shows 𝜏∗𝑒 + 𝜏∗𝛾 .

The model is validated against eight DNS or LES datasets, covering a wide range of547

Reynolds numbers and pressure gradients. Across all cases, the model maintains high548

predictive accuracy, outperforms previous methods, and clearly demonstrates the impact549

of history effect on the boundary layer profiles.550

In fact, the estimation-correction method can be further repeated, allowing for intro-551

ducing higher order streamwise derivatives of PG into the profiles of velocity or shear552

stress. After closure via the mixing-length model, the original RANS equations contain553
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only two unknowns, 𝑢 and 𝑣, while in the iterative estimation-correction method, we554

may iteratively solve for 𝑢∗ and 𝜏∗, which also constitute a system with two unknowns.555

This guarantees that this iterative estimation-correction model can make full use of the556

information given by the governing equations. In each round of iteration, first, 𝑢∗
𝑛+1 is557

obtained given 𝜏∗𝑛. This process can be completed directly through equation (2.5) without558

adding computational complexity. Then, just as in the current model, by converting the559

streamwise derivatives into the derivatives of other flow parameters, and then sequentially560

expanding the terms in RANS equations and the continuity equation, we can solve for561

𝜏∗
𝑛+1 according to 𝑢∗ as an explicit function. The iteration can be done systematically,562

introducing higher-order correction, and the terms can be regarded as higher-order history563

effects. However, complexity grows rapidly as further expansion is conducted.564

There also remain several limitations. Most notably, the predictions of the shear stress565

profiles are still not sufficiently accurate. One of the issues is that the predicted shear stress566

remains nonzero at the outer edge of the boundary layer, which contradicts the theoretical567

assumptions. Future work may address this by redefining the boundary layer thickness 𝛿568

or manually adding a correction term at the edge. Furthermore, it is also possible to apply569

the iterative method discussed earlier, which may yield more precise results.570

Although the present study focuses exclusively on APG TBLs, the theoretical derivation571

does not impose a strict constraint requiring 𝛽 > 0. Therefore, theoretically, the model572

may be extended to FPG TBLs as well. However, the velocity scale in the model is defined573

as 𝑢𝛽 = 𝑢𝜏

√︁
1 + 𝛽, which implies that 𝛽 must be greater than −1, severely limiting the574

applicability of the model to FPG cases. Furthermore, due to the turbulence-suppressing575

effect of FPG, current studies and datasets for FPG TBLs remain limited.576

Additionally, although the model has been tested for cases with 𝛽 up to 4.53, it is not577

applicable to profiles near boundary layer separation, which is the area of great practical578

interest. One critical issue is that near separation, the wall friction velocity 𝑢𝜏 approaches579

zero, rendering all wall-based scalings invalid.580

In summary, our model accurately predicts the mean velocity and total shear stress581

profiles in APG TBLs and explicitly incorporates history effect through local parameters.582

This not only deepens the understanding of the underlying physics of APG TBLs but also583
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offers new ideas and insights for improving turbulence modeling and closure strategies for584

the RANS equations. Furthermore, the present work may provide a theoretical foundation585

for the development of wall models in LES under complex boundary conditions.586
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Vinuesa, Ricardo, Örlü, Ramis, Sanmiguel Vila, Carlos, Ianiro, Andrea, Discetti, Stefano &633

Schlatter, Philipp 2017 Revisiting history effects in adverse-pressure-gradient turbulent boundary layers.634

Flow Turbulence and Combustion 99, 565–587.635

Volino, Ralph J 2020 Non-equilibrium development in turbulent boundary layers with changing pressure636

gradients. Journal of Fluid Mechanics 897, A2.637

Wei, Tie & Knopp, Tobias 2023 Outer scaling of the mean momentum equation for turbulent boundary layers638

under adverse pressure gradient. Journal of Fluid Mechanics 958, A9.639

Yoon, Min, Hwang, Jinyul & Sung, Hyung Jin 2018 Contribution of large-scale motions to the skin friction640

in a moderate adverse pressure gradient turbulent boundary layer. Journal of Fluid Mechanics 848, 288–311.641

Zagarola, Mark V & Smits, Alexander J 1998 A new mean velocity scaling for turbulent boundary layers.642

In Proceedings of FEDSM, , vol. 98, pp. 21–25.643

0 X0-33


	Introduction
	Equilibrium Flow
	Basic Method

	Methodology
	New Scaling
	Estimation-Correction Method

	Result
	Database
	Verification of Similarity
	Verification of the Estimation-Correction Model

	Discussion and Conclusion

